Quantum theory of a polarization phase-gate in an atomic tripod configuration 
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I. INTRODUCTION 

Giant noise- free optical nonlinearities have been exten- 
sively studied over the last decade. In particular, atomic 
coherence effects such as coherent population trapping 
(CPT) Jl( and electromagnetically induced transparency 
(EIT) [21 have been identified as promising mechanisms 
for the production of large nonlinear susceptibilities, 
while significantly reducing absorption and spontaneous 
emission noise [2j- These effects have been observed in 
a three-level A atomic configuration where an incident 
probe, in the presence of a pump and under a strict 
two-photon resonance condition, does not essentially in- 
teract with the atomic sample. Optical nonlinearities 
can be produced if this resonance condition is somewhat 
disturbed, by introducing either an additional energy 
level (s) or a mismatch between the probe and the 

pump field frequencies [5| . Improvements of many orders 
of magnitude with respect to conventional nonlinearities 
have indeed been observed Q , but are limited to the case 
of classical fields Q • 

In this paper we examine a four-level atomic tripod 
configuration. This has often been used as an exten- 
sion of a A scheme, e.g., by Paspalakis who suggested 
its potential for nonlinear optical processes 8] . It should 
be mentioned that while Paspalakis considered the case 
of a single weak probe, we are adopting a setup with 
two weak fields namely a probe and and a trigger in the 
presence of a strong pump. The pump creates EIT, and 
leads to a large cross phase modulation (XPM) between 
the probe and the trigger Q . Such a modulation can be 
used to achieve optical phase shifts of the order 7r radians 
which can be attained through an alternative phase-gate 
scheme that is here illustrated. The binary information 
is encoded in the polarization degree of freedom [ljj] of 
an incident probe and trigger pulse while the phase-gate 
mechanism relies on an enhanced cross-phase modulation 
between the two pulses. The gating mechanism will be 
examined for either scmiclassical or quantum probe and 



trigger fields. The four atomic level tripod configuration is 
relatively simple yet robust requiring good control over 
frequencies and intensities of the probe and trigger laser 
pulses. We should also recall that when compared with 
other schemes 0, , the present scheme can substantially 
reduce the experimental effort for its realizability. 

The paper is organized as follows. In Sec. [HI dressed 
states analysis is performed. Dressed states are then used 
to present a simple physical picture illustrating the re- 
quirements for a strong XPM. In Sec. lIIII the expressions 
for linear and nonlinear susceptibilities are derived for a 
case of classical fields. In Sec. II VI we analyze essentially 
the same system, but with quantized probe and trigger 
fields, and find that in adiabatic limit, a symmetry of re- 
sults in scmiclassical and quantum adiabatic cases exist. 
Sec. discusses a phase gate operation. Finally, Sec.lVTl 
summarizes the results of the preceding Sections. 



II. DRESSED STATES OF THE TRIPOD 
SYSTEM 



The energy level scheme of a tripod system is given 
in Fig. ^ Probe and trigger fields have Rabi frequencies 
Hp and Qt and polarizations <r+ and cr_. The pump 
Rabi frequency is f2. Among the four eigenstates in the 
system. |ll| two contain no contribution from the excited 
state |0) and hence they are dark states. For the special 
case of atomic detunings Sj = S — 0, these are 
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contain |0) and have energies ±\/l]p + A 2 + fi^. Nec- 
essary conditions for achieving a large cross-Kerr phase 
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are defined in terms of the general rate ^jkj whereby (fc = 
j) and (fc 7^ j) describe respectively population decays 
and collisional dephasings. In particular, 7^0 denotes the 
decay of atomic coherences. We here assume equal decay 
and dephasing rates 7^0 = 7, 7fcj = 7d- 

To examine cross-phase modulation between the probe 
and the trigger fields, it is sufficient to keep only the two 
lowest order contributions in the fields, so that 
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Detunings Sj 
denote the laser frequency (wj ) detunings 



FIG. 1: Energy level scheme for a tripod. 

(L) 

UO{) — UJj — '■' 



from the respective transitions \j) 
|3) correspond to the states |5Si/2,-F : 
87 Rb, while state |0> = |5P 3/2 ,F = 0). 



). States |1), |2) and 
l,m = {-1,0,1}) of 



shift can be formulated as follows: (i) probe and trigger 
must be tuned to dark states, (ii) the transparency fre- 
quency window for each of these dark states has to be 
narrow and with a steep dispersion to enable significant 
group velocity reduction, and (Hi) there must be a degree 
of symmetry between the two transparency windows so 
that tr igge r and probe group velocities can be made to be 
equal. [Ullll These conditions can be satisfied by taking 
all three detunings nearly equal. When detunings differ 
by very small amounts yet falling within the width of the 
transparency window, then strong cross-Kerr modulation 
with group velocity matching can still be achieved and 
phase gate operation realized. 



The linear susceptibilities 
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are completely symmetric with respect to exchange 1 <- 
and P <-> T and so are the third-order nonlinearities 
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III. SEMICLASSICAL SUSCEPTIBILITIES 

The expressions for the probe and trigger susceptibil- 
ities are obtained by solving the relevant optical Bloch 
equations |13|| for the elements of density matrix p. When 
|fi| 2 3> jfip^l 2 and flp Ht, the steady-state popula- 
tion distribution will be symmetric, i.e., pn w P33 w i, 
with vanishing population in the other two levels. The re- 
sulting general expression for the steady-state (ss) probe 
susceptibility is, 



Xp = -4wJ\f\/J,p 
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Here Af denotes the atomic density, f2p,T = 
— (fJ'P.T ■ £p,t) Epj'/h the probe and trigger Rabi fre- 
quencies, with £p_T and (ip.T being respectively their 
polarization unit vector and electric dipole matrix ele- 
ments. The complex detunings 
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(k,j = 1,2,3). 
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with x ( p 



X3) _ 



X T ' = x^ f° r approximately equal atomic 
detunings. When all detunings Sj acquire the same value, 
probe and trigger share a strong control field with Rabi 
frequency O and exhibit all effects associated with EIT 
including strong group velocity reductions. It was first 
pointed out by Lukin and Imamoglu |12| appreciable non- 
linear interaction can be achieved when the optical pulses 
interact within the transparent nonlinear medium for a 
sufficiently long time. This happens when both pulses 
group velocities are very small and equal, a requirement 
which can easily be met in our proposal owing to the 
natural symmetry of a tripod configuration. Details can 
however be found in Rebic et at [Ta| . 



IV. QUANTIZED PROBE AND TRIGGER 
FIELDS 



We consider in this section the case in which probe 
and trigger are quantum fields. The pump is still consid- 
ered much stronger than both of them so as to neglect its 
quantum fluctuations as for a classical field. We specifi- 
cally adopt a recently developed formalism 0, ^| and 
apply it to our tripod atomic configuration. The relevant 
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interaction Hamiltonian is 



f dz 

Hint = - J -j-N [hSiaoo + %{5\ - S 2 )a 22 + - S 3 )a 33 
+hg P (e P (Joi + E P a w ^j + hg T [E T a 03 + E^a 3Q 



+nn(a 2 + 0-20)] , (8) 

where L is the interaction length along the propaga- 
tion axis z, gp t r denotes coupling strengths of probe 
and trigger fields Epx to the respective atomic transi- 



We assume that the derivatives of the atomic operators 
vary slowly compared with their respective decay rates. 
Furthermore, if the Rabi frequencies of the probe and 
trigger quantum fields are much smaller than f2, we can 
perform the adiabatic elimination of the atomic variables, 
to obtain 



tions, and as 
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J2k a ij are the collective operators 
for the atomic populations and transitions for N atoms 
in a medium. The equations for probe and trigger pulses 
propagating along z— axis through the tripod-media are 
given by 
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while the equations for the atomic transition operators 
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-in(a 22 - cr 00 ), (9d) 
a 3a = —iA 30 a 30 - ig P E P a 3 \ 
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a 12 = -iA 12 ai2+igpEpa 02 -ifla w , (9f) 

a 13 = -iA 13 a 13 + ig P E P a Q3 - iE^ T aio, (9g) 

a 23 = -iA 23 a 23 - igxE^am + iQa 03 . (9h) 

with generalized detunings defined as in Eqs. (@J. 

We now proceed by assuming the low intensity probe 
and trigger, gj(Ej) <C fl and strong pump \Q\ 2 /"fojjij 
1. The latter condition also implies that the EIT res- 
onances for both, probe and trigger fields are strongly 
saturated. Furthermore, if gp ~ gx, for a probe and 
trigger fields of equal mean amplitudes (Ej), we can as- 
sume (coo) ~ (0-22) ~ and (an) w (a 33 ) ps |, as in 
the semiclassical case illustrated in the previous section. 
Under these conditions one arrives at the following equa- 
tions for the pulse propagation 
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Note that these last two equations emphasize the full 
symmetry between the probe and the trigger dynamics, 
a symmetry which is intimately linked with the atomic 
population being equally distributed between levels |1) 
and |3). 
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where group velocities of probe and trigger pulses 
are given in terms of the respective refraction indices 
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Expressions for group velocities above are consistent with 
the semiclassical case f° r the case of equal couplings 
<?j, equal detunings and weak probe and trigger. The 
low intensity condition gj(Ej) <C £1 has its semiclassical 
counterpart in |Opy| <C The two refractive indices 



further determine the transparency windows 
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where we assumed jjo =7- In general case, 7 — > 710 
for probe and 7 — > 730 for trigger. The wave dispersion 
coefficients P(p t T) and the single-photon loss rates due to 
collisional dephasing are given respectively by 



fa 



(P) 



c |r!| 2 

A 30 4 T) 



and by KiVg^ where 



Kp 



c\m 



; ^12% 

C 

A* n {T) 



(12e) 
(12f) 

(13a) 
(13b) 



while the rates for nonlinear interaction between pulses 
in i|ll[l are determined through the anharmonic coeffi- 
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When single photon loss Kp,t and wave dispersion /3pp 
are negligible, the solution of these coupled equations can 
be written as 



E P (z,t) = E P (t')exp ir]pE^(t')E T (t') 
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where t' = t — z/v g . Following the approach of Lukin 
and Imamoglu [12j , we conclude that for an initial multi- 
mode coherent states \otp, cut) of frequency spread Alu, 
the probe and trigger fields after propagation through a 
sample of length / become 
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where 
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is the quantum phase shift obtained due to the nonlinear 
interaction between probe and trigger. It can be shown 
further that as a result of the nonlinear interaction the 
phase shift $p,t is acquired by a pair of probe and trigger 
single photon wave packets. This is a general property of 
a solutions for field operators given by Eq s. (|15|) . and has 
been proven by Lukin and Imamoglu Il2 | (s ee also |l5jp. 
As shown by Petrosyan and Malakyan [16j, these large 
nonlinear phase shifts can be used to create quantum 
entanglement. 



V. PHASE GATE OPERATION 

The phase gate operation has been studied in detail 
in [l^]. This Section outlines the main points involved. 
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and trigger respectively, 
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phase shift and 
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nonlinear phase shift in an atomic 



sample of length I. Then, for polarizations a + and a 
for probe and trigger 
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and a conditional phase shift being <j> = cf> p + — (f>f in — 

€n> ™th K = €n + Klin and <t>- = €« + €u n - 

Notice that only the nonlinear part contributes to the 
conditional phase shift. Also notice that levels |1) and 
1 3) are not energy degenerate therefore the role of probe 
and trigger cannot be reversed when their polarizations 
are exchanged. For a Gaussian trigger (probe) pulse of 
time duration Tx(p) , whose peak Rabi frequency is £It(p) j 

moving with group velocity v g through the atomic 
sample, the nonlinear probe (trigger) phase shift is 01 
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For fip w £7p = 7, fi = 4.57, and detunings Si — IO.OI7, 
S 2 = IO7, S3 — IO.O27, by assuming a low dephasing 
rate 7^ = 10 _2 7, we obtain a conditional phase shift of ir 
radians. This result holds for a cold rubidium gas [1(1 ll3T | 
of length I = 0.7 cm at a density M = 3 x 10 12 cm" 3 
and a probe resonant wavelength A = 795 nm. Electric 
dipole moments for both probe and trigger transitions 
are |a*pt| ~ 10~ 29 Cm. With these parameters, group 
velocities are essentially the same, so that erf[£p]/Cp — 
erf[C T ]/CT « 2/VtF. 

Finally, we briefly comment on the role of fluctua- 
tions and dephasing. The laser fields intensity fluctua- 
tions generally increase fluctuations of the phase shift. 
In particular, intensity fluctuations of 1% yield an error 
probability of about 4% in the gate fidelity. This error en- 
ters through the fluctuations of the phase shifts (f> l p n T and 
</>p™. We also assume that all lasers are tightly phase 
locked to each other in order to minimize the effects of 
relative detuning fluctuations. Dephasing, on the other 
hand, removes the singularity of nonlinear susceptibili- 
ties, but it also increases absorption as shown in Fig. 
For realistic parameter values of 7^ ~ 10 _2 7, this in- 
crease is seen to be negligible. It should be added that 
this conclusion holds for control fields of order ~ 7 and 
greater. For weaker control fields, the dephasing must 
also be lower. 
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FIG. 2: Probe absorption (scaled) at the center of probe 
transparency window, plotted against the dephasing rate, for 
fl P = fl T = 7, ft = 4.57, Sj = 0. 

VI. CONCLUSION 

We have studied the nonlinear cross-kerr response be- 
tween a probe and trigger field in a four-level atomic sam- 



ple driven in a tripod configuration. In particular, this 
has been studied for the case in which both probe and 
trigger are quantum fields evaluating their relevant phase 
sifts $p,t when both probe and trigger are prepared in 
a multimode coherent state. The theory can further be 
extended to evaluate the shift acquired by a pair of probe 
and trigger single-photon wave packets. The large cross- 
Kerr modulation between probe and trigger that can be 
obtained in the tripod configuration enables one to im- 
plement a phase gate with a conditional phase shift of the 
order of tt. These large nonlinear phase shifts can also be 
used to create quantum entanglement |l6j|. The experi- 
mental feasibility of our tripod scheme has been assessed 
through a detailed study of the requirements needed to 
observe such a large shift in a realistic sample of magnet- 
ically trapped ultracold 87 Rb atoms. 
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